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COMMUTATIVE ALGEBRAIC MONOID STRUCTURES
ON AFFINE SURFACES
SERGEY DZHUNUSOV AND YULIA ZAITSEVA
Abstract. We classify commutative algebraic monoid structures on normal affine sur-
faces over an algebraically closed field of characteristic zero. The answer is given in two
languages: comultiplications and Cox coordinates. The result follows from a more general
classification of commutative monoid structures of rank 0, n − 1 or n on a normal affine
variety of dimension n.
Introduction
An (affine) algebraic monoid is an irreducible (affine) algebraic variety X with an asso-
ciative multiplication
µ : X ×X → X, (x, y) 7→ x ∗ y,
which is a morphism of algebraic varieties and admits an element e ∈ X such that
e ∗ x = x ∗ e = x for all x ∈ X. Examples of affine algebraic monoids are affine algebraic
groups and multiplicative monoids of finite-dimensional associative algebras with unit.
The group of invertible elements G(X) of an algebraic monoid X is an algebraic group,
which is Zariski open in X. By [20, Theorem 3], every algebraic monoid X, whose group
of invertible elements G(X) is an affine algebraic group, is an affine monoid.
By a group embedding we mean an irreducible affine variety X with an open embedding
G →֒ X of an affine algebraic group G such that both actions by left and right multiplica-
tions of G on itself can be extended to actions of G on X. In other words, the variety X
is a (G×G)-equivariant open embedding of the homogeneous space (G×G)/∆(G), where
∆(G) is the diagonal in G×G. For an affine variety X and affine algebraic group G, there
is a natural correspondence between group embeddings G →֒ X and monoid structures
on X with G(X) = G. This is proved in [21, Theorem 1] for characteristic zero and in [19,
Proposition 1] for the general case.
The theory of affine algebraic monoids and group embeddings is a rich and deeply devel-
oped area of mathematics lying at the intersection of algebra, algebraic geometry, combi-
natorics and representation theory; see [17, 18, 19, 21] for general presentations. An affine
algebraic monoid X is called reductive if the group G(X) is a reductive affine algebraic
group. The most developed is the theory of reductive monoids, see e.g. the combinatorial
classification of reductive monoids in [21, 19].
Let the ground field K be algebraically closed and of characteristic zero. We study
commutative affine monoids, i.e. affine monoids X with commutative multiplication µ or,
equivalently, commutative group of invertible elements G(X). The intersection of commu-
tative and reductive theories are affine torus embeddings, i.e. affine toric varieties, see [15]
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for more information about toric monoids. In commutative case, the group G(X) splits into
the direct product Grm ×G
s
a, where Gm = (K
×,×) and Ga = (K,+) are the multiplicative
and the additive groups of the ground field K, respectively. We call the number r the rank
of the commutative monoid X.
In [1], commutative monoid structures on affine spaces An are studied. In particular,
[1, Proposition 1] gives the classification for an arbitrary dimension n and ranks 0, n − 1
and n. This implies the classification of monoids on A1 and A2, and [1, Theorem 1] gives
the classification in dimension 3.
In this paper, we obtain a classification of commutative monoid structures on normal
affine surfaces (Section 6). For that, we generalize some results of [1] to arbitrary normal
affine varieties. It turns out that any affine algebraic variety admitting a monoid structure
of rank 0, n − 1 or n is toric, and structures of rank n − 1 are described by Demazure
roots of the variety. We give precise formulas in two languages: the first one describes
monoid structures via comultiplications µ∗ : K[X ] → K[X ] ⊗ K[X ] (Section 3), and the
second one is the lifting of monoid structures from X to the total coordinate space X via
the Cox construction (Section 5). Namely, in addition to natural addition on affine spaces
and comultiplications µ∗ : χu 7→ χu⊗χu provided by the toric structure, we obtain a family
of comultiplications µ∗ : χu 7→ χu ⊗ χu(1 ⊗ χe + χe ⊗ 1)〈p,u〉 given by Demazure roots e
corresponding to the primitive vector p on a ray of the fan.
The authors are grateful to their supervisor Ivan Arzhantsev for careful reading of the
paper and valuable suggestions and to Juergen Hausen for useful comments.
1. Toric varieties and Ga-actions
Let X be a normal irreducible affine algebraic variety with an action of an algebraic
torus T = (K×)n. Denote by M the character lattice of the torus T and by N the lattice of
one-parameter subgroups. The dual action of the torus T on the algebra K[X ] of regular
functions on X defines the decomposition of K[X ] into the direct sum K[X ] =
⊕
u∈M
K[X ]u,
where the torus T acts on the subspace K[X ]u by multiplication by the character χ
u(t) = tu,
t ∈ T , corresponding to u ∈M . Denote SX = {u ∈M | K[X ]u 6= 0}.
Let X be a toric variety, that is the torus T acts effectively on X with an open orbit. In
this case, the semigroup SX = M ∩ ω for some rational polyhedral cone ω ⊆ M ⊗Z Q and
dimK[X ]u = 1 for any u ∈ SX . Fixing a point x0 in the open orbit, we can identify T with
an open orbit via the orbit map T → X, t 7→ tx0, whence a character χ
u : T → K× can be
identified with a rational function χu ∈ K(X), u ∈M . Then we have a decomposition
K[X ] =
⊕
u∈SX
Kχu. (1)
For an algebra A, a linear map ∂ : A → A is a derivation if it satisfies the Leibniz rule:
∂(fg) = ∂(f)g + f∂(g) for any f, g ∈ A. A derivation ∂ is called locally nilpotent (LND)
if for any f ∈ A there exists a number n ∈ N such that ∂n(f) = 0. Let Ga = (K,+)
be the additive group of the ground field K. The exponential map defines a bijection
between locally nilpotent derivations on an algebra A and rational Ga-actions on A: s · f =
exp(s∂)(f) for s ∈ Ga, f ∈ A. For an affine algebraic variety X we obtain that LNDs on
the algebra K[X ] are in bijection with Ga-actions on X, see [10, Section 1.5].
Let A =
⊕
u∈S
Au be graded by a semigroup S. A derivation ∂ : A → A is called homo-
geneous is it maps homogeneous elements to homogeneous ones. From the Leibniz rule it
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follows that a homogeneous derivation has the degree deg ∂ ∈ ZS such that ∂(Au) ⊆ Au+deg ∂
for any u ∈ S. It is easy to see that the bijection given by the exponential map restricts
to the bijection between LNDs on K[X ] of degree zero with respect to grading (1) and
Ga-actions on X normalized by the torus T in the automorphism group of X.
Any toric variety has a combinatorial description in terms of its fan, see [6, Section 3.1].
For an affine toric variety X, the fan consists of all faces of the cone σ dual to the cone ω
defined above, i.e. σ = {v ∈ NQ | 〈v, u〉 > 0 ∀u ∈ ω}, where 〈 · , · 〉 is a natural pairing
between NQ := N ⊗Z Q and MQ := M ⊗Z Q. Let σ(1) = {ρi | 1 6 i 6 m} be the set of
rays of a cone σ. Denote by pi ∈ N the primitive vector on a ray ρi ∈ σ(1), and for any
1 6 i 6 m set
Ri = {e ∈M | 〈pi, e〉 = −1, 〈pj , e〉 > 0 ∀j 6= i, 1 6 j 6 m}.
The elements of the set R =
⊔
16i6m
Ri are called the Demazure roots of the toric variety X.
The Demazure roots of X are in one-to-one correspondence with homogeneous LNDs on the
algebra K[X ] and hence with Ga-actions on X normalized by the acting torus T , see [14,
Theorem 2.7]. The derivation ∂e corresponding to a Demazure root e ∈ Ri is given by the
formula ∂e(χ
u) = 〈pi, u〉χ
u+e for any u ∈M . The Demazure root e is the degree of ∂e, and
the action of the torus T on Ga by conjugation is the multiplication by χ
e.
Example 1. Let X = Am and the torus T = (K×)m act on Am diagonally. Any character
of T has the form χu(t) = tu, u ∈ Zm, and decomposition (1) becomes
K[x1, . . . , xm] =
⊕
u∈Zm
>0
Kxu11 . . . x
um
m ,
i.e. χu(x) = xu, SX = Z
m
>0, ω = Q
m
>0 ⊆ MQ. Then the dual cone is σ = Q
m
>0 ⊆ NQ, and pi
are the elements of the standard basis.
Any derivation on K[x1, . . . , xm] has the form ∂ = f1
∂
∂x1
+ . . .+fm
∂
∂xm
, fi ∈ K[x1, . . . , xm].
It is homogeneous with respect to the above grading if and only if it is equal to λ1x1x
u ∂
∂x1
+
. . .+λmxmx
u ∂
∂xm
or λix
u ∂
∂xi
for some u ∈ SX , λi ∈ K. It is easy to see that such a derivation
is locally nilpotent if and only if it equals ∂ = λxe11 . . . x
em
m
∂
∂xi
with no xi in the monomial.
The degree of ∂ equals e = (e1, . . . ,−1
i
, . . . , em) and is a Demazure root in accordance with
the definition of Ri given above.
p2
p1
N M R2
R1σ ω
0 0
SX
Example 2. Let X = Am × (K×)m˜. In this case, we have the semigroup SX = Z
m
>0 × Z
m˜
in M = Zm+m˜ spanning the cone ω, and the dual cone σ is spanned by the first m vectors
p1, . . . , pm of the standard basis. Then for 1 6 i 6 m, the set Ri consists of vectors
e = (e1, . . . ,−1
i
, . . . , em, e˜m+1, . . . , e˜m+m˜), ej ∈ Z>0, e˜j ∈ Z.
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Example 3. Let X be an affine toric surface given by the cone σ with p1 = (0, 1) and
p2 = (2,−1). Then the semigroup SX = M ∩ ω is generated by vectors (1, 0), (1, 1) and
(1, 2). Denoting a = χ(1,0), b = χ(1,1) and c = χ(1,2), we obtain K[X ] = K[a, b, c] with
relation ac = b2, i.e. the surface X is isomorphic to the quadratic cone {ac = b2} ⊂ A3.
p1 = (0, 1)
p2 = (2, −1)
N M
R1
R2
σ ω
0 0
a = χ(1,0)
b = χ(1,1)
c = χ(1,2)
SX
The sets of Demazure roots are
R1 = {(l,−1) | l ∈ Z>0},
R2 = {(l1, l2) | 2l1 − l2 = −1, l2 > 0} = {(l, 1 + 2l) | l ∈ Z>0}.
Example 4. Let X be an affine toric variety given by the cone σ with p1 = (1, 0, 0),
p2 = (0, 1, 0), p3 = (1, 0, 1) and p4 = (0, 1, 1). Then the semigroup SX = M ∩ ω is generated
by vectors (1, 0, 0), (0, 1, 0), (0, 0, 1) and (1, 1,−1). Denoting a = χ(1,0,0), b = χ(0,1,0),
c = χ(0,0,1) and d = χ(1,1,−1), we obtain K[X ] = K[a, b, c, d] with relation ab = cd, i.e. the
variety X is isomorphic to the quadratic cone {ab = cd} ⊂ A4.
p1 = (1, 0, 0)
p2 = (0, 1, 0)
N M
σ
ω
0
p3 = (1, 0, 1)
p4 = (0, 1, 1)
0
The sets of Demazure roots equal
R1 = {(−1, l2, l3) | l2 ∈ Z>0, l3 ∈ Z>0}, R2 = {(l1,−1, l3) | l1 ∈ Z>0, l3 ∈ Z>0},
R3 = {(l1, l2, l1 + 1) | l1, l2 ∈ Z>0}, R4 = {(l1, l2, l2 + 1) | l1, l2 ∈ Z>0}.
2. Affine monoids
Definition 1. An algebraic monoid is an irreducible algebraic variety X with an associative
multiplication µ : X × X → X, (x, y) 7→ x ∗ y, which is a morphism of algebraic varieties
and admits an element e ∈ X called the unit such that e ∗ x = x ∗ e = x for any x ∈ X.
Denote by G(X) the set of invertible elements of a monoid X. It is a connected algebraic
group, open in X, see [19, Theorem 1].
Definition 2. By a group embedding of an algebraic group G we mean an irreducible
algebraic variety X with an open embedding G →֒ X such that both actions by left and
right multiplications of G on itself can be extended to actions of G on X.
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A monoid X is called affine if the underlying variety is affine. It is well known that any
quasi-affine group is affine, see for example [9, Theorem 7.5.3]. It follows that for affine X,
the group G(X) is affine as well. The converse statement is proved in [20].
If X is a monoid, then the embedding G(X) →֒ X is a group embedding. It is known
that for affine monoids the converse is true, i.e. the following proposition holds, see [21,
Theorem 1] for characteristic zero and [19, Proposition 1] for the general case.
Proposition 1. Let G be an algebraic group, and X be an affine group embedding of G.
Then the product on G extends to a product µ : X×X → X in such a way that G(X) = G.
A morphism of algebraic monoids X1 and X2 is a morphism τ : X1 → X2 of algebraic
varieties such that τ(x∗y) = τ(x)∗ τ(y) for any x, y ∈ X1 and τ(e1) = e2 for units e1 ∈ X1,
e2 ∈ X2. A morphism of group embeddings X1 and X2 of a group G is a morphism
τ : X1 → X2 of algebraic varieties commuting with G-actions on X1 and X2. It is easy to
see that these notions are equivalent. A morphism τ is an isomorphism if it is invertible
and τ−1 is a morphism as well.
An algebraic monoid X is said to be commutative if the multiplication µ : X×X → X is
commutative, or, equivalently, the group G(X) is commutative. It is known [13, Theorem
15.5] that any connected commutative affine group G over an algebraically closed field K of
characteristic zero splits into the product of a torus and a commutative unipotent group,
that is G ∼= Grm × G
s
a for some r, s ∈ Z>0, where Gm = (K
×,×), Ga = (K,+) are the
multiplicative and additive groups of the ground field. By the rank and the corank of a
commutative monoid X we mean the numbers r and s for the group of invertible elements
G(X), respectively.
In particular, in the case of corank 0 we have group embeddings of the torus G = Gnm,
i.e. X is an affine toric variety. The monoid structure on X is unique up to isomorphism
since the toric structure on X is unique, see [7, 12, 4]. We call it the toric monoid structure.
Another remarkable case is the vector monoid structure of rank 0 on an affine space An,
where the multiplication is the vector addition. It does not depend on the choice of zero
point up to isomorphism.
In the commutative case, there is a natural bijection between group embeddings of G
and effective G-actions with an open orbit and a fixed base point in the open orbit. Indeed,
any group embedding ι : G →֒ X gives a G-action on X with a base point ι(e) in the open
orbit ι(G), and for any G-action on X with a base point x0 the orbit map G→ Gx0 ⊆ X,
g 7→ g · x0, is a group embedding of G.
For calculations in Sections 3 and 5, we need an explicit description of the correspondence
between monoid structures and actions with an open orbit for a commutative group G. It
is given in Construction 1 below.
Construction 1. Let an affine commutative group G act effectively on an affine variety X
over an algebraically closed field K of characteristic zero. Let the action have an open orbit
and x0 be the base point in the open orbit. We are going to construct the corresponding
commutative monoid structure on X with the unit x0.
Consider the orbit map ι : G → Gx0 ⊆ X, g 7→ g · x0. Identifying G with the image
ι(G) ⊆ X, we see that the morphism of action G×X → X extends the group multiplication
G×G→ G. Since the multiplication in G is commutative, the symmetric map X×G→ X
extends the same multiplication G×G→ G.
Let the homomorphism of algebras Φ: K[G]→ K[G]⊗K[G] be dual to the multiplication
morphism G × G → G. The dual homomorphism to the morphism ι : G →֒ X gives the
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inclusion K[X ] →֒ K[G], so we identify K[X ] with the subspace of K[G]. By the above,
the homomorphism Φ restricts to the dual homomorphisms K[X ] → K[G] ⊗ K[X ] and
K[X ]→ K[X ]⊗K[G]. Then the image Φ(K[X ]) belongs to
K[X ]⊗K[X ] = (K[G]⊗K[X ]) ∩ (K[X ]⊗K[G]).
So we obtain the homomorphism Φ: K[X ] → K[X ]⊗K[X ] whose dual defines the morphism
µ : X × X → X. The obtained multiplication µ is associative, commutative, and admits
the unit x0 since the same holds for the multiplication on G.
Remark 1. The monoid structures on X corresponding to the same action G×X → X and
different points x0 in the open orbit are isomorphic since the action of G on the open orbit
is transitive.
Let us mention that for any irreducible algebraic monoid there exists a unique algebraic
monoid structure on its normalization such that the normalization map is a morphism
of algebraic monoids, see [18, Proposition 3.15]. This motivates us to focus on monoid
structures on normal varieties.
3. The comultiplication language
LetX be an affine algebraic variety. We are going to describe multiplications X×X → X
in terms of their comorphisms Φ: K[X ] → K[X ]⊗K[X ], which we call comultiplications.
Let G be an affine algebraic group. We need the following lemma.
Lemma 1. Let ϕ : G×K[X ] → K[X ] be the action on the algebra K[X ] corresponding to the
action of G on X. Then the map Φ: K[X ]→ K[G]⊗K[X ] dual to the action G×X → X
maps f ∈ K[X ] to ϕ(g−1, f) considered as a function in g ∈ G.
Proof. If ϕ : G × K[X ] → K[X ], (g, f) 7→ ϕ(g, f), is the action on K[X ], then the ac-
tion G × X → X maps a pair (g, x) to a point ϕ(g−1, f)(x) considered as an evaluation
homomorphism K[X ]→ K in f . Then its dual is as claimed. 
Theorem 1. Let X be a normal affine algebraic variety of dimension n with commutative
monoid structure of rank r = 0, n− 1 or n. Then X is toric, so K[X ] =
⊕
u∈SX
Kχu, and we
have the following classification of monoid structures up to isomorphism.
1) If r = n, then X is endowed with the toric monoid structure and the comultiplication
K[X ]→ K[X ]⊗K[X ] is given by
χu 7→ χu ⊗ χu for any u ∈ SX .
2) If r = n− 1, then the comultiplication K[X ]→ K[X ]⊗K[X ] is defined by
χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)〈pi,u〉 for any u ∈ SX ,
where pi is the primitive vector on a ray of the fan of X and e ∈ Ri is any Demazure root
corresponding to this ray.
3) If r = 0, then X = An and X has the vector monoid structure with the comultiplication
χu 7→ χu ⊗ 1 + 1⊗ χu for any u ∈ Zn>0.
Remark 2. For a Demazure root e ∈ Ri, we have 〈pi, e〉 = −1, whence e /∈ SX and a function
χe ∈ K(X) does not belong to K[X ]. However, χu+je ∈ K[X ] for any 0 6 j 6 〈pi, u〉, so
the map in 2) is well defined.
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Proof. 1) We preserve the notation of previous sections. In the case r = n, the monoid
structure is given by a group embedding of the torus G = Gnm, i.e. the variety X is toric.
Since the toric structure on X is unique, see [7, 12, 4], the monoid structure on X is unique
as well. According to Construction 1, the toric multiplication extends the torus action
T ×X → X with an open orbit. The corresponding action ϕ : T × K[X ] → K[X ] is given
by (t, χu) 7→ tuχu for any u ∈M . By Lemma 1, the map Φ: K[X ]→ K[T ]⊗K[X ] is given
by χu 7→ t−uχu. According to Construction 1, we identify T with the open subset of X by
acting at a point in the open orbit, take x0 ∈ X, χ
u(x0) = 1 for any u ∈ M . We obtain
that K[X ] →֒ K[T ] is given by χu 7→ t−uχu(x0) = t
−u, so the comorphism Φ above restricts
to the comultiplication Φ: K[X ]→ K[X ]⊗K[X ], χu 7→ χu ⊗ χu.
2) In case of corank one, we have a group embedding of G = Gn−1m × Ga. First let us
construct some structures on an affine toric variety X with acting torus T .
Let e ∈ Ri be a Demazure root. Since the one-parameter group Ga corresponding to
the LND ∂e is normalized by the torus T , the group T ⋌ Ga acts on X. Then the group
G = Kerχe×Ga has corank one, acts on X with an open orbit, and X is a group embedding
of G, see [3, Proposition 6].
By [3, Theorem 2], all group embeddings of the group G = Gn−1m × Ga can be realized
this way, i.e. X is toric and G = Kerχe × Ga. Since the LND ∂e maps χ
u 7→ 〈pi, u〉χ
u+e,
we get the formula for the action ϕ : G × K[X ] → K[X ]: an element (t, α) ∈ G acts on
χu ∈ K[X ] by t expα∂e, and the result equals
tu
(
χu + α〈pi, u〉χ
u+e +
α2
2
〈pi, u〉〈pi, u+ e〉χ
u+2e + . . .
)
= tu
〈pi,u〉∑
j=0
(
〈pi, u〉
j
)
αjχu+je, (2)
since 〈pi, e〉 = 1. By Lemma 1, the map Φ: K[X ]→ K[G]⊗K[X ] is given by
Φ(χu) = t−u
〈pi,u〉∑
j=0
(
〈pi, u〉
j
)
(−α)jχu+je.
According to Construction 1, consider an embedding G →֒ X given by a point x0 in the
open orbit, take χu(x0) =
{
1 if 〈pi, u〉 = 0
0 if 〈pi, u〉 > 0
. The evaluation of (2) at x0 yields that the
dual embedding K[X ] →֒ K[G] is given by (t, α) 7→ t−u(−α)〈pi,u〉, (t, α) ∈ G. In particular,
for 0 6 j 6 〈pi, u〉 the function χ
u+ke is identified with t−u(−α)〈pi,u+je〉 = t−u(−α)〈pi,u〉−j.
Thus, the formula for the comultiplication Φ: K[X ] → K[X ]⊗K[X ] is
Φ(χu) =
〈pi,u〉∑
j=0
(
〈pi, u〉
j
)
χu+(〈pi,u〉−j)e ⊗ χu+je = χu ⊗ χu(1⊗ χe + χe ⊗ 1)〈pi,u〉,
as required.
3) Any monoid structure of rank 0 is given by an effective action of the group Gna with
an open orbit. Since any orbit of a unipotent group on an affine variety X is closed [16,
Section 1.3], an open orbit of Gna has to coincide with the monoid X. By Construction 1,
the multiplication on X equals the operation in Gna . Thus X
∼= An is endowed with the
vector monoid structure, the multiplication is given by the formula (x, y) 7→ x+ y, and the
dual is χu 7→ χu ⊗ 1 + 1⊗ χu. 
Let us formulate when the above monoid structures are isomorphic. Since the isomor-
phism of monoids respects the group of invertible elements, monoids of different ranks are
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not isomorphic. [3, Proposition 10] claims that group embeddings of Gn−1m × Ga given by
pairs two Demazure roots e1, e2 of a toric variety are equivalent if and only if there is an
automorphism of the lattice N which preserves the fan and such that the induced auto-
morphism of the dual lattice M sends e2 to e1. Thus we have the following corollary of [3,
Proposition 10].
Proposition 2. In notation of Theorem 1, monoids or rank n − 1 corresponding to De-
mazure roots e1, e2 ∈ R are isomorphic if and only if there is an automorphism of the
lattice N which preserves the fan of X and such that the induced automorphism of the dual
lattice M sends e2 to e1.
Example 5. Let us list all monoid structures of rank 2 corresponding to p1 = (1, 0, 0)
for the quadratic cone X = {ab = cd} ⊆ A4, see Example 4. According to Theorem 1,
the comultipliction is given by χu 7→ χu ⊗ χu(1 ⊗ χe + χe ⊗ 1)u1 . Recall that a = χ(1,0,0),
b = χ(0,1,0), c = χ(0,0,1) and d = χ(1,1,−1), thus for a Demazure root e = (−1, l1, l2) ∈ R1 we
have χe(x) = b(x)l2c(x)l3/a(x). Then the coordinates a, b, c, d of the product x∗y are given
by the following formulas:
a(x ∗ y) = a(x)b(y)l2c(y)l3 + a(y)b(x)l2c(x)l3 ,
b(x ∗ y) = b(x)b(y), c(x ∗ y) = c(x)c(y),
d(x ∗ y) = d(x)b(y)l2+1c(y)l3−1 + d(y)b(x)l2+1c(x)l3−1.
Since any ray of the cone can be mapped to any other ray by an automorphism of the
lattice N preserving σ, the above monoid structures are all the monoid structures of rank 1
on X by Proposition 2.
Example 6. Let X be an affine cone over the singular del Pezzo surface Y of type D5 of
degree 4, i.e.
X = {x0x1 − x
2
2 = x0x4 − x1x2 + x
2
3 = 0} ⊆ A
5.
According to [8, Lemma 6], Y admits an action of the additive group G2a with an open
orbit, whence X admits an action of the group Gm × G
2
a with an open orbit. Then X
has a commutative monoid structure of rank 1. It is known that Y is a non-toric variety
and the Cox ring R(Y ) is not a polynomial ring, see [2, Theorem 5.4.4.2.7]. Let us notice
that R(Y ) = R(X). Indeed, [2, Construction 4.2.1.2 and Example 4.2.1.6] imply that the
quotient presentation Ŷ
//HY
−−−→ Y for characteristic space Ŷ factors through the quotient
presentation X
//K×
−−−→ Y , and the map Ŷ → X is a quotient presentation, which is a
characteristic space for X by [2, Theorem 1.6.4.3]. Then R(X) = R(Y ) is the algebra of
regular functions on Ŷ by [2, Construction 1.6.1.3]. Thus R(X) is not a polynomial ring
as well, whence X is non-toric. This shows that in dimension 3 the variety admitting a
commutative monoid structure need not be toric.
4. The Cox construction
We preserve the notation of Sections 1 and 2 and describe the Cox construction for affine
toric varieties. See [5], [6, Chapter 5] for an arbitrary toric and [2] for general varieties.
Construction 2. Let X be an affine toric variety with the acting torus T . First let us
assume that σ(1) spans NQ. This means that X has no torus factors, or K[X ] has no
non-constant invertible functions.
COMMUTATIVE ALGEBRAIC MONOIDS ON AFFINE SURFACES 9
Each ray ρi ∈ σ(1), 1 6 i 6 m, corresponds to an irreducible T -invariant Weil divisor Di
on X. The free abelian group M of T -invariant Weil divisors on X is freely generated
by divisors Di, 1 6 i 6 m, i.e. a divisor D ∈ M ≃ Z
m is uniquely represented as a
sum
∑m
i=1 aiDi. Each rational function χ
u ∈ K(X), u ∈ M , gives the principal divisor
div(χu) =
∑
〈pi, u〉Di, see [11, Section 3.3].
Denote by Cl(X) the class group of X. By [11, Section 3.4], there is an exact sequence
0→ M →M → Cl(X)→ 0, (3)
whereM →M ≃ Zm is given by u 7→ div(χu) ≃ u¯ := (〈p1, u〉, . . . , 〈pm, u〉) andM → Cl(X)
maps a divisor D to the class [D] in the class group.
The Cox ring of a toric variety X is a polynomial ring R(X) = K[x1, . . . , xm] graded
by the group Cl(X) via deg xi = [Di] and the total coordinate space is the affine space
X := SpecR(X) = Am.
Let a quasitorus HX := Hom(Cl(X),K
×) and a torus T := Hom(M,K×) = (K×)m be
the character groups of the abelian group Cl(X) and the lattice M , respectively. The
application of Hom( · ,K×) to (3) gives the dual exact sequence
1← T
pi′
←− T ← HX ← 1. (4)
Since M → M is given by u 7→ u¯, the dual map (π′)∗ : K[T ] → K[T ] is given by χu 7→ χu¯,
u ∈M .
The diagonal action of T = (K×)m on the total coordinate space X = Am and the
inclusion HX →֒ T in (4) define an action of HX on A
m. This action corresponds to the
Cl(X)-grading on R(X).
Let us fix some group embeddings of tori T and T in X and X, respectively. Then the
map (π′)∗ : K[T ] → K[T ] = K[x±11 , . . . , x
±1
m ] restricts to an isomorphism between K[X ] and
the algebra of invariants K[x1, . . . , xm]
HX ⊆ K[x1, . . . , xm] defined by χ
u 7→ χu¯, u ∈ SX .
This means that X is the categorical quotient of X = Am by the above action of HX , so
there is the canonical Cox construction π : X
//HX
−−−→ X, see [5, Theorem 2.1, Lemma 2.2].
Example 7. Let X be the affine toric surface given by the cone σ with p1 = (0, 1),
p2 = (2,−1), see Example 3. The group of invariant Weil divisors is freely generated by
the corresponding divisors D1, D2. The relations between [D1], [D2] ∈ Cl(X) are given by
principal divisors div(χu) = 〈p1, u〉D1 + 〈p2, u〉D2 for basis vectors u, so we obtain
2[D1] = 0 and [D1]− [D2] = 0, i.e. Cl(X) = Z/2Z.
The Cox ring is K[x1, x2] graded by Cl(X) via deg x1 = [D1], deg x2 = [D2], and the finite
group HX ∼= Z/2Z acts on the total coordinate space X = A
2 via (x1, x2) 7→ (−x1,−x2).
Then the algebra of invariants equals K[x1, x2]
HX = K[x21, x1x2, x
2
2], so the categorical
quotient A2//HX is the quadratic cone X = {ac = b
2} ⊆ A3, where the regular func-
tions
a = χ(1,0)
b = χ(1,1)
c = χ(1,2)
in K[X ] correspond to
χ(1,0) = χ(0,2) = x22
χ(1,1) = χ(1,1) = x1x2
χ(1,2) = χ(2,0) = x21
in K[X ], respectively.
Example 8. Let X be the affine toric hypersurface from Example 4 given by the cone σ
with p1 = (1, 0, 0), p2 = (0, 1, 0), p3 = (1, 0, 1), p4 = (0, 1, 1). The group of invariant Weil
divisors is freely generated by the corresponding divisors D1, . . . , D4. The relations between
[D1], . . . , [D4] in the class group Cl(X) are given by [div(χ
u)] = 0 for basis vectors u, so we
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obtain 1 0 1 00 1 0 1
0 0 1 1


[D1]
[D2]
[D3]
[D4]
 =
00
0

and Cl(X) is a free abelian group or rank 1 generated by [D1] = −[D2] = −[D3] = [D4]. The
Cox ring is K[x1, x2, x3, x4] graded by Cl(X) via deg xi = [Di], whence the one-dimensional
torus HX = K
× acts on X = A4 via t · (x1, x2, x3, x4) = (tx1, t
−1x2, t
−1x3, tx4). Then
K[x1, x2, x3, x4]
HX = K[x1x2, x1x3, x2x4, x3x4], so the quotient A
4//HX is the quadratic
cone X = {ab = cd}, where
a = χ(1,0,0)
b = χ(0,1,0)
c = χ(0,0,1)
d = χ(1,1,−1)
in K[X ] correspond to
χ(1,0,0) = χ(1,0,1,0) = x1x3
χ(0,1,0) = χ(0,1,0,1) = x2x4
χ(0,0,1) = χ(0,0,1,1) = x3x4
χ(1,1,−1) = χ(1,1,0,0) = x1x2
in K[X ], respectively.
Definition 3. Let π : X
//HX
−−−→ X be the Cox construction and G,G be algebraic groups.
We say that an action µ : G×X → X is coherent with an action µ¯ : G×X → X if there
exists an epimorphism π′ : G→ G such that the actions of G and HX on X commute and
the following diagram is commutative.
G×X X
G×X X
//
µ¯

pi′×pi

pi
//
µ
The following three lemmas allow us to “lift” actions on X to coherent actions on X.
Lemma 2. The action of the torus T on X is coherent with the action of the torus T on X.
Proof. Since the action of HX comes from the action of T via HX →֒ T in (4) and T is
commutative, the actions of T and HX on X commute as well.
Let π′ be the epimorphism in (4). Notice that χu(t) = χu¯(t¯) if u ∈ M , t¯ ∈ T , t = π′(t¯).
This easily follows from the definitions of T = Hom(M,K×), T = Hom(M,K×), and the
map π′ : T → T .
Commutativity of the first diagram below is equivalent to commutativity of the second
one for any t¯ ∈ T . The latter one follows from χu(t) = χu¯(t¯) and the fact that the
isomorphism π∗ : K[X ] →֒ K[X ]HX ⊆ K[X ] maps χu to χu¯:
T ×X X
T ×X X
//
µ¯

pi′×pi

pi
//
µ
K[X ] K[X ]
K[X ] K[X ]
oo
µ¯(t¯, · )∗
 ?
OO✤
✤
✤
✤
✤
✤
pi∗
oo
µ(pi′(t¯), · )∗
 ?
OO✤
✤
✤
✤
✤
✤
pi∗
χu¯(t¯)χu¯ χu¯
χu(t)χu χu
✤oo
t¯
❴
OO
pi∗
✤oo
t
❴
OO
pi∗

Lemma 3. The action of the subtorus Kerχu ⊂ T on X corresponding to any u ∈ M is
coherent with the action of the subtorus Kerχu¯ ⊂ T on X corresponding to u¯ ∈M .
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Proof. The actions of HX and T on X commute by Lemma 2, whence the actions of
Kerχu¯ ⊂ T and HX on X commute as well.
Let π′ be the epimorphism in (4). We have χu(t) = χu¯(t¯) for u ∈M , t¯ ∈ T , and t = π′(t¯),
so Kerχu¯ is the preimage of Kerχu and the exact sequence (4) restricts to
1← Kerχu
pi′
←− Kerχu¯ ← HX ← 1.
Since the diagram for T and T is commutative by Lemma 2, the required diagram with
Kerχu¯ and Kerχu is commutative as well. 
Let us notice that if e ∈ Ri ⊆ M is a Demazure root of X, then e¯ = (〈p1, e〉, . . . , 〈pm, e〉)
is a Demazure root of X = Am since 〈pi, e〉 = −1 and 〈pj , e〉 > 0, j 6= i, see Example 1.
Lemma 4. The Ga-action on X corresponding to a Demazure root e ∈M is coherent with
the Ga-action on X corresponding to the Demazure root e¯ ∈M .
Proof. The actions of HX and Ga = {exp s∂e¯ | s ∈ K} on X = A
m commute according to
the exact sequence in the proof of the previous lemma: HX acts as a subgroup of Kerχ
e¯,
which commutes with the Ga-action corresponding to e¯.
Let π′ be the isomorphism whose dual identifies exp s∂e¯ with exp s∂e. It is sufficient to
check commutativity of the following diagram:
K[X ] K[X ]
K[X ] K[X ]
oo
∂e¯
 ?
OO✤
✤
✤
✤
✤
✤
pi∗
oo
∂e
 ?
OO✤
✤
✤
✤
✤
✤
pi∗
This holds since π∗ identifies ∂e(χ
u) = 〈pi, u〉χ
u+e with 〈ei, u¯〉χ
u¯+e¯ = ∂e¯(χ
u¯), where 〈ei, u¯〉 =
〈pi, u〉 is the i-th coordinate of u¯ ∈M = Z
m. 
Construction 3. Now let σ(1) do not span NQ, i.e. σ belongs to a subspace of some
codimension m˜ spanning the lattice N0 := span(σ) ∩ N . This means that X splits into
the direct product of a torus (K×)m˜ and a toric variety X0 whose cone σ spans (N0)Q.
Then we have the above Cox construction for X0, i.e. X0 is the categorical quotient of
an affine space X0 = A
m by the action of the quasitorus HX := Hom(Cl(X0),K
×) =
Hom(Cl(X),K×). Consider the trivial extention of this action to the action on X :=
Am × (K×)m˜. The categorical quotient by the action of the quasitorus HX is the given
variety X = X0 × (K
×)m˜. More precisely, let us denote the Cox coordinates on X0 = A
m
by xi, 1 6 i 6 m, and the coordinates on (K
×)m˜ by xi ∈ K
×, m < i 6 m + m˜. Then
K[X ] = K[x1, . . . , xm, x
±1
m+1, . . . , x
±1
m+m˜], and the ring of invariants
K[X ]HX = K[x1, . . . , xm]
HX [x±1m+1, . . . , x
±1
m+m˜]
∼= K[X0][x
±1
m+1, . . . , x
±1
m+m˜] = K[X ],
i.e. the inclusion of algebras dual to the categorical quotient is given by χu 7→ χu¯, where
u = u0 + u˜ ∈ SX = SX0 + Z
m˜ ⊆M = M0 + Z
m˜,
u¯ = (〈p1, u〉, . . . , 〈pm, u〉, u˜m+1, . . . , u˜m+m˜) ∈M = M0 + Z
m˜.
Further, one can easily see that denoting by T0 the torus acting on X0 with an open
orbit, we have T = T0 × (K
×)m˜ and T = T0 × (K
×)m˜, and the sequences (3), (4) are exact
as well. Then Lemmas 2 and 3 hold for X = X0 × (K
×)m˜.
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Finally, let us notice that the set of Demazure roots Ri ⊆ M of X splits into the direct
sum of the set of Demazure roots Ri,0 ⊆M0 of X0 and Z
m˜. According to Example 2, for a
Demazure root e ∈ M of X, an element e¯ ∈ M is a Demazure root of X = Am × (K×)m˜.
Then Lemma 4 holds for X = X0 × (K
×)m˜ as well.
5. The Cox construction language
Let X be a normal affine toric variety and π : X → X be the Cox construction described
in Section 4.
Definition 4. Let X and X admit monoid structures. A multiplication µ : X ×X → X
is said to be coherent with a multiplication µ¯ : X × X → X if the following diagram is
commutative.
X ×X X
X ×X X
//
µ¯

pi×pi

pi
//
µ
Lemma 5. Assume that G and G are commutative affine algebraic groups acting coherent
with open orbits on X and X, respectively. Let x¯0 ∈ X be a point in the open orbit and
x0 = π(x¯0). Consider the multiplications on X and X corresponding to these actions and
base points, see Construction 1. Then these multiplications are coherent.
Proof. Since the actions are coherent and x0 = π(x¯0), the diagram
G X
G X
  //

✤
✤
✤
✤
✤
✤
pi′

✤
✤
✤
✤
✤
✤
pi
  //
is commutative, i.e. π is an extension of π′ after the identifications of the groups with their
open orbits. Then coherency of the actions implies coherency of the multiplications. 
Theorem 2. Let X be a normal affine algebraic variety of dimension n with monoid struc-
ture of rank 0, n − 1 or n. Then X is toric, and the multiplication on X is coherent with
a multiplication x¯ · y¯ on X = Am× (K×)m˜. Up to isomorphism of monoid structures on X
and X, the product x¯ · y¯ is given by the following formulas in coordinates xi, 1 6 i 6 m+m˜.
1) If r = n, then
x¯ · y¯ = (x1y1, . . . , xm+m˜ym+m˜).
2) If r = n− 1, then
x¯ · y¯ = (x1y1, . . . , xi−1yi−1, xiy
e¯,i + yix
e¯,i, xi+1yi+1, . . . , xm+m˜ym+m˜),
where 1 6 i 6 m, pi is the primitive vector on the ray ρi of the fan of X, an element
e = (e1, . . . , em, e˜m+1, . . . , e˜m+m˜) in Ri = Ri,0 + Z
m˜ is any Demazure root corresponding to
this ray, and xe¯,i denotes the monomial
∏
16j6m
j 6=i
x
〈pj ,e〉
j
∏
m<j6m+m˜
x
e˜j
j .
3) If r = 0, then X = X = An and
x¯ · y¯ = (x1 + y1, . . . , xn + yn).
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Proof. 1) By the same argument as in Theorem 1, X is toric and the multiplication comes
from the action of the torus T on X with an open orbit. By Lemma 2, it is coherent with
the diagonal action of the torus T = (K×)m+m˜ on X = Am × (K×)m˜. Taking a base point
x¯0 = (1, . . . , 1), we obtain component pairwise multiplication on X in accordance with
Construction 1. By Lemma 5, it is coherent with monoid structure of rank n on X.
2) Arguing as in Theorem 1, it can be shown that X is toric and any monoid structure
on X with the group of invertible elements G = Gn−1m × Ga is given by the action of
G = Kerχe ×Ga on X, where e ∈ Ri is a Demazure root and Ga-action corresponds to e.
By Lemma 4, the action of Ga on X is coherent with the action of Ga on X corresponding
to the Demazure root e¯. By Lemma 3, the action of Kerχe on X is coherent with the
action of Kerχe¯ on X. According to [3, Proposition 6], X is a group embedding of their
product Kerχe¯×Ga for any base point x¯0 in the open orbit, and whence we have a monoid
structure on X. By Lemma 5, it is coherent with monoid structure on X defined by the
action of the group G with the base point x0 = π(x¯0).
The derivation corresponding to the Demazure root e¯ = (〈p1, e〉, . . . , 〈pm, e〉, e˜1, . . . , e˜m)
of X is ∂e¯ = x
e¯,i ∂
∂xi
, and an element (t, α) ∈ Kerχe¯ ×Ga acts as follows:
(t, α) · x¯ =
(
t1x1, . . . , ti−1xi−1, ti(xi + αx
e¯,i), ti+1xi+1, . . . , tm+m˜xm+m˜
)
.
According to Construction 1, take a point x¯0 = (1, . . . , 1, 0
i
, 1, . . . , 1) ∈ X in the open orbit
and consider the embedding Kerχe¯ ×Ga →֒ X:
(t, α) 7→ (t, α) · x¯0 = (t1, . . . , ti−1, tiα, ti+1, . . . , tm+m˜) =: y¯ = (y1, . . . , ym+m˜).
Since t ∈ Kerχe¯, we have t−1i t
e¯,i = 1, whence the substitution tj = yj for j 6= i and tiα = yi
gives the required multiplication on X:
x¯ · y¯ = (x1y1, . . . , y
e¯,i · xi + yix
e¯,i, . . . , xm+m˜ym+m˜).
3) The same argument used in Theorem 1 shows that X = An with the vector monoid
structure. Since the total coordinate space X in this case coincides with X, we have the
same multiplication on it. 
Remark 3. One can verify that the multiplications in Theorems 1 and 2 are coherent. For
instance, the multiplication in Theorem 2, 2) corresponds to the following comultiplica-
tion K[x1, . . . , xm+m˜]
HX → K[x1, . . . , xm+m˜]
HX ⊗K[y1, . . . , ym+m˜]
HX in terms of evaluating
homomorphisms: if x¯, y¯ ∈ X have coordinates xi, yi, 1 6 i 6 m + m˜, then a function
χu¯(x¯) =
∏
16j6m
x
〈pj ,u〉
j
∏
m<j6m+m˜
x
e˜j
j evaluated at the point x¯ · y¯ equals
χu¯(x¯ · y¯) =
(
xiy
e¯,i + yix
e¯,i
)〈pi,u〉 ∏
16j6m
j 6=i
(xjyj)
〈pj ,u〉
∏
m<j6m+m˜
(xjyj)
e˜j =
=
(
y−1i y
e¯,i+x−1i x
e¯,i
)〈pi,u〉 ∏
16j6m
(xjyj)
〈pj ,u〉
∏
m<j6m+m˜
(xjyj)
e˜j =
(
χe¯(y)+χe¯(x)
)〈pi,u〉χu¯(x)χu¯(y).
Since the isomorphism K[X ] → K[x1, . . . , xm+m˜]
HX is given by χu 7→ χu¯, we obtain the
comultiplication K[X ]→ K[X ]⊗K[X ] from Theorem 1, 2).
Example 9. Let X be the hypersurface {ab = cd} ⊆ A4, see Examples 4, 5, and 8. The
multiplication on X = A4 corresponding to e = (−1, l2, l3) ∈ R1 is given by
(x1, x2, x3, x4) · (y1, y2, y3, y4) = (x1y
l2
2 y
l3−1
3 y
l2+l3
4 + y1x
l2
2 x
l3−1
3 x
l2+l3
4 , x2y2, x3y3, x4y4).
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It is easy to verify that this monoid structure on A4 is coherent with monoid structure on X
from Example 5. Indeed, let x = π(x1, x2, x3, x4), y = π(y1, y2, y3, y4) be the images in X,
then according to the Cox construction given in Example 8 we obtain
a(x ∗ y) = (x1y
l2
2 y
l3−1
3 y
l2+l3
4 + y1x
l2
2 x
l3−1
3 x
l2+l3
4 ) · (x3y3) =
= x1x3 · (y2y4)
l2 · (y3y4)
l3 + y1y3 · (x2x4)
l2 · (x3x4)
l3 =
= a(x)b(y)l2c(y)l3 + a(y)b(x)l2c(x)l3 ,
b(x ∗ y) = (x2y2) · (x4y4) = b(x)b(y), c(x ∗ y) = (x3y3) · (x4y4) = c(x)c(y),
d(x ∗ y) = (x1y
l2
2 y
l3−1
3 y
l2+l3
4 + y1x
l2
2 x
l3−1
3 x
l2+l3
4 ) · (x2y2) =
= x1x2 · (y2y4)
l2+1 · (y3y4)
l3−1 + y1y2 · (x2x4)
l2+1 · (x3x4)
l3−1 =
= d(x)b(y)l2+1c(y)l3−1 + d(y)b(x)l2+1c(x)l3−1.
6. Affine surfaces
The following theorems are the main result of the paper.
Theorem 3. Let X be a normal affine algebraic surface with commutative monoid structure
of rank r. Then X is toric, so K[X ] =
⊕
u∈SX
Kχu, and we have the following classification
of monoid structures up to isomorphism.
1) If r = 2, then X is endowed with the toric monoid structure and the comultiplication
K[X ]→ K[X ]⊗K[X ] is given by
χu 7→ χu ⊗ χu for any u ∈ SX .
2) If r = 1, then the comultiplication K[X ]→ K[X ]⊗K[X ] is given by
χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)〈pi,u〉 for any u ∈ SX ,
where pi is the primitive vector on a ray of the fan of X and e ∈ Ri is any Demazure root
corresponding to this ray.
3) If r = 0, then X = A2 and X has the vector monoid structure with the comultiplication
χu 7→ χu ⊗ 1 + 1⊗ χu for any u ∈ Z2>0.
Proof. Follows immediately from Theorem 1 for n = 2. 
Theorem 4. Let X be a normal affine algebraic surface admitting a commutative monoid
structure of rank r. Then X is toric, and any multiplication on X is coherent with a
multiplication on X. Up to isomorphism of monoid structures on X and X, the product
on X is given by the following formulas in Cox coordinates x1, x2.
1) If r = 2, then X = A2 or X = X = A1 ×K×, (K×)2, and
(x1, x2) · (y1, y2) = (x1y1, x2y2).
2) If r = 1 and X = A2, then
(x1, x2) · (y1, y2) = (x1y
〈p2,e〉
2 + y1x
〈p2,e〉
2 , x2y2), e ∈ R1,
(x1, x2) · (y1, y2) = (x1y1, x2y
〈p1,e〉
1 + y2x
〈p1,e〉
1 ), e ∈ R2,
where p1, p2 are the primitive vectors on rays of the fan of X and R1,R2 are the sets of
Demazure roots of X corresponding to these rays.
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3) If r = 1 and X = X = A1 ×K×, then
(x1, x2) · (y1, y2) = (x1y
e
2 + y1x
e
2, x2y2), e ∈ Z.
4) If r = 0, then X = X = A2 and
(x1, x2) · (y1, y2) = (x1 + x2, y1 + y2).
Proof. Cases 1), 2) and 4) follow immediately from Theorem 2. In case X = A1 × K×,
the cone of X has one ray ρ1, whence X = A
1 × K× and we can assume that p1 = (1, 0).
Then the set of Demazure root consists of vectors (−1, e), e ∈ Z, the corresponding LND ∂e
equals xe2
∂
∂x1
, and an element (t, α) ∈ Kerχ(−1,e)×Ga acts on (x1, x2) via (t
e(x1+αx2), tx2).
Identifying (t, α) with (teα, t), we obtain the required monoid structure on X. 
Example 10. Let us list all monoid structures of rank 1 corresponding to p1 = (0, 1) for the
quadratic cone X = {ac = b2} ⊆ A3, see Example 3 and 7. According to Theorem 3, the
comultipliction is given by χu 7→ χu⊗χu(1⊗χe+χe⊗1)u2 . Recall that a = χ(1,0), b = χ(1,1)
and c = χ(1,2), thus for a Demazure root e = (l,−1) ∈ R1 we have χ
e(x) = a(x)l+1/b(x).
Then the coordinates a, b, c of the product x ∗ y are given by the following formulas:
a(x ∗ y) = a(x)a(y)
b(x ∗ y) = b(x)a(y)l+1 + b(y)a(x)l+1
c(x ∗ y) = c(x)a(y)2l+1 + c(y)a(x)2l+1 + 2b(x)b(y)a(x)la(y)l
By Theorem 4, the multiplication on X = A2 corresponding to e = (l,−1) ∈ R1 is given by
(x1, x2) · (y1, y2) = (x1y
2l+1
2 + y1x
2l+1
2 , x2y2).
It is easy to verify that this multiplication on A2 is coherent with the above multiplication
on X. Indeed, for x = π(x1, x2) and y = π(y1, y2) we have
a(x ∗ y) = (x2y2)
2 = x22y
2
2 = a(x)a(y),
b(x ∗ y) = (x1y
2l+1
2 + y1x
2l+1
2 ) · (x2y2) = x1x2y
2l+2
2 + y1y2x
2l+2
2 = b(x)a(y)
l+1 + b(y)a(x)l+1,
c(x ∗ y) = (x1y
2l+1
2 + y1x
2l+1
2 )
2 = x21y
4l+2
2 + y
2
1x
4l+2
2 + 2x1y1x
2l+1
2 y
2l+1
2 =
= c(x)a(y)2l+1 + c(y)a(x)2l+1 + 2b(x)b(y)a(x)la(y)l.
For a two-dimensional cone σ with two rays, denote by τ : NQ → NQ the linear map
which swaps the primitive vectors p1, p2 on the rays, and by τ
∗ : MQ → MQ the induced
dual map. We obtain the following corollary of Proposition 2.
Corollary 1. The monoid structures of rank 1 listed in case 2) of Theorems 3 and 4 are
pairwise non-isomorphic if and only if τ(N) 6= N . If τ(N) = N , then τ ∗(R2) = R1 and
only pairs of monoids corresponding to e ∈ R2 and τ
∗(e) ∈ R1 are isomorphic. The monoid
structures of rank 1 in case 3) of Theorem 4 are isomorphic for opposite e ∈ Z and pairwise
non-isomorphic for all e ∈ Z>0.
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p1 = (0, 1)
p2 = (d, −k)
N M
R1
R2
σ ω
0 0
Any two-dimensional strongly convex polyhedral cone σ has a normal form, see [6, Propo-
sition 10.1.1]. Namely, there exists a basis e1, e2 ∈ N such that
σ = cone(e2, de1 − ke2),
where d > 0, 0 6 k 6 d, and gcd(d, k) = 1.
In this basis, p1 = (0, 1), p2 = (d,−k), and we have the following series of Demazure
roots:
R1 = {e
(l)
1 = (l,−1) | l ∈ Z>0}
R2 = {(l1, l2) | dl1 − kl2 = −1, b > 0} = {e
(l)
2 = e
(0)
2 + (d, k)l | l ∈ Z>0}
Corollary 2. If k2 6= 1 modulo d, all the monoid structures listed in 2) in Theorems 3
and 4 are not isomorphic. If k2 = 1 modulo d, only pairs of monoids corresponding to
Demazure roots {e
(l)
1 , e
(l)
2 }, l ∈ Z>0, are isomorphic.
Proof. According to Corollary 1, we have to investigate whether τ : NQ → NQ swapping
two rays of the cone preserves the lattice N . In the bases e1, e2, the matrix of τ is equal
to
(
k d
1−k2
d
−k
)
and it is integer if and only if d divides k2 − 1. 
For example, monoid structures listed in Example 10 are all the non-isomorphic com-
mutative monoid structures of rank 1 on the quadratic cone {ac = b2} ⊆ A3 since 12 = 1
modulo 2.
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